Abstract. We discuss the relation between solutions admitting Killing spinors of minimal supergravities in five dimensions and four dimensional complex geometries. In the ungauged case (vanishing cosmological constant Λ = 0) the solutions are determined in terms of a hyper-Kähler base space; in the gauged case (Λ < 0) the complex geometry is Kähler; in the de Sitter case (Λ > 0) the complex geometry is hyper-Kähler with torsion (HKT). In the latter case some details of the derivation are given. The method for constructing explicit solutions is discussed in each case.
INTRODUCTION
In the last few years it has been realised that there are some beautiful connections between solutions of minimal supergravities in five dimensions admitting Killing spinors and complex geometries. Moreover, these connections have been useful in finding qualitatively new black hole solutions. The first case to be considered was the minimal ungauged five dimensional supergravity, i.e with no cosmological constant (Λ = 0). It was shown by Gauntlett et al [1] that the most general stationary solution admitting Killing spinors is defined by a four dimensional hyper-Kähler base space and a set of constraint equations. Using this construction, Elvang et al [2] obtained the supersymmetric black ring. The second case to be considered was the minimal gauged five dimensional supergravity, i.e with negative cosmological constant (Λ < 0). It was shown by Gauntlett and Gutowski [3] that the most general stationary solution admitting Killing spinors is defined by a four dimensional Kähler base space and a set of constraint equations. Using this construction, Gutowski and Reall found the supersymmetric AdS 5 black holes [4] . It is then natural to ask: i) Is there any interesting relation with complex geometry in five dimensional minimal de Sitter supergravity (i.e with positive cosmological constant Λ > 0)? ii) Can we use the resulting structure to find interesting solutions? In the following we will discuss how indeed the answer to i) is yes and give some hints towards answering ii).
MINIMAL UNGAUGED SUPERGRAVITY IN D = 4
Supersymmetric black holes are interesting gravitational objects. They are classically and semi-classically stable; in many cases there is a no-force condition which allows for a multi-object configuration. An early example is obtained in minimal N = 2, D = 4 supergravity, whose bosonic sector has action
the ansatz
reduces the full non-linear Einstein-Maxwell system to a single harmonic equation on the Euclidean 3-space
This is the well known Majumdar-Papapetrou solution, and taking H(x) to be a multicentred harmonic function yields a multi black hole solution. Physically, the exact linearisation of the supergravity equations, yielding a superposition principle, is associated to the exact balance of electrostatic repulsion and gravitational attraction between any pair of black holes. But it is also associated to supersymmetry. Indeed, Tod [5] showed that the most general stationary solution of this theory admitting Killing spinors, i.e. a non-trivial solution of 
MINIMAL UNGAUGED SUPERGRAVITY IN D = 5
It follows from the above that Einstein-Maxwell theory (seen as the bosonic sector of supergravity) does not admit any supersymmetric rotating, asymptotically flat, black holes. And for some time it was even doubtful that such an object could exist; indeed supersymmetry is a statement of stability and rotation is normally associated to the instabilities which arise from the existence of an ergo-region (Penrose process and superradience). However one such solution was found in five dimensional minimal ungauged supergravity, whose bosonic sector has action
reduces the supergravity equations to the constraints [6] 
where ⋆ (4) is the Hodge dual on the Euclidean 4-space E 4 . This is known as the BMPV solution [7] . Taking H(x) to be a multi-centred harmonic function, and an appropriate choice for ω, yields a solution with multiple black holes in an asymptotically flat spacetime. Physically, the exact linearisation of the supergravity equations is again associated to the exact balance between electromagnetic and gravitational forces between any pair of black holes. But now, besides electric we will have magnetic effects (spin-spin and magnetic dipole-dipole forces). And again it is also associated to supersymmetry. Indeed, Gauntlett et al [1] showed that the most general stationary solution of this theory admitting Killing spinors, i.e. a non-trivial solution of
is of the form
and that the method to construct explicit examples is the following:
1) Choose M to be a 4 dimensional hyper-Kähler manifold; 2) Decompose f dω = G + + G − ; 3) Solve
Taking G + = 0 and M = E 4 , we find the BMPV (multi) black hole solution. But this choice also includes other, qualitatively different solutions, namely maximally supersymmetric Gödel type universes and black holes in Gödel type universes [1, 8] .
Taking G + = 0 one can find supersymmetric black rings. But note that in this case one does not find a harmonic equation any longer, but rather a Poisson type equation, to which G + is the source. Thus, the superposition principle is, in general, lost. And in fact there is no solution with multiple black rings where these can be placed at arbitrary positions, as for the multiple black holes seen above. Nevertheless, writing M as a Gibbons-Hawking space one can construct multiple concentric black rings [9] .
MINIMAL GAUGED SUPERGRAVITY IN D = 5
A negative cosmological constant is introduced by moving to minimal gauged supergravity in five dimensions. This theory is particularly relevant because it is related by the AdS/CFT duality to the well understood N = 4, D = 4 Super Yang Mills theory. Hence one might expect to give a microscopic interpretation to the black hole solutions in this theory using the duality. A generic analysis of the Killing spinor equation
shows that all susy solutions with a timelike Killing vector field are of the form [3] :
and that the method to construct explicit solutions is the following:
1) Choose M to be a 4 dimensional Kähler manifold; 2) Compute
which determines completely f and G + in terms of the properties of the Kähler space: its Ricci scalar, R, its Ricci form, R, and its Kähler form, J; solve also
which determines the components of G − that have a non trivial contraction with the Kähler form; 3) Solve the constraint
which determines the remaining components of G − .
Taking M to be Bergamann space, which can be written as [10] 
with H(x) = 1 − x 2 , one finds AdS 5 . The Gutowski-Reall black hole [4] and the Chong et al. black hole [11] are found by taking more general quadratic and cubic polynomials [10] . Note that for arbitrary H(x) the above metric is Kähler; but the supersymmetry constraints impose (H 2 H ′′′′ ) ′′ = 0, where primes denote x derivatives, which shows that a given base space might not give rise to a five dimensional solution. Also, a given base space might give rise to a family of solutions with an infinite number of parameters [10] . It is worth noting that the supersymmetric AdS 5 black holes found using this construction must rotate, which is similar to what happens in three [12] and four [13] dimensions.
MINIMAL DE SITTER SUPERGRAVITY IN D = 5
It is well known that de Sitter superalgebras have only non-trivial representations in a positive-definite Hilbert space in two dimensions [14, 15] . Nevertheless one can take the perspective of fake supersymmetry, in analogy to the recently explored Domain Wall/Cosmology correspondence [16] : that there is a special class of solutions in a gravitational theory with a positive cosmological constant admitting "pseudo-Killing spinors". Thus, fake supersymmetry becomes a solution generating technique, as we shall explain. Note that, nevertheless, a relation to fundamental theory still exists via compactifications of the IIB* theory [17, 18] .
We now follow closely [19] . The action for minimal de Sitter supergravity in D = 5 is
and the Killing spinor equation is
The sense in which fake supersymmetry can be used as a solution generating technique is the following. If a non-trivial solution of the (pseudo) Killing spinor equation exists and the gauge field equations are satisfied, the integrability conditions of the former place constraints on the Ricci tensor. For the solutions we consider here, for which the Killing spinor generates a timelike vector field, these constraints are equivalent to the Einstein equations. Note this would not be so for the null case, for which the Killing spinor generates a null vector field. Let us now give some details of the derivation of the (fake) supersymmetry constraints. The basic principle is to assume the existence of, at least, one non-trivial (pseudo) Killing spinor. This puts constraints on the spin connection and gauge field. In practice we use spinorial geometry techniques [20] . That is, we take the space of Dirac spinors to be the space of complexified forms on E 2 , which is spanned over the space of complex numbers by {1, e 1 , e 2 , e 12 } where e 12 = e 1 ∧ e 2 . The action of complexified Γ-matrices on these spinors is given by
for α = 1, 2, and Γ 0 satisfies Γ 0 1 = −i1, Γ 0 e 12 = −ie 12 , Γ 0 e j = ie j , j = 1, 2 ,
where we work with an oscillator basis in which the spacetime metric is ds 2 = −(e 0 ) 2 + 2δ αβ e α eβ .
The Killing spinor can be put in a canonical form using the Spin(4, 1) transformations. The canonical form is ε = h1, where h is a function, if it originates a timelike vector and ε = 1 + e 1 if it originates a null vector. We will be interested in the former case. Defining a 1-form V = e 0 and introducing a t coordinate such that the dual vector field is V = −∂ /∂t, a computation shows that the frames take the form
where
We refer to the 4-manifold with t-independent metric
